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1. INTRODUCTION 
The essential spectrum of a (bounded linear) operator T on a separable 
Hilbert space H, denoted cre(T), is the set 
(z: T- zl is not a Fredholm operator}. 
Define the essential minimum modulus m,(r) to be inf(l: 1 E ~~(1 Tl)}, where 
/TI=(T*T) . “’ Denote the dimension of the kernel of T by nul T and let 
ind T denote the quantity nul T T nul T*, where co - co is zero. The result 
that ]]A - BJI < m,(B) implies ind A = ind B from [4, Theorem 2.2) took on 
new importance in [8]. This result extends the stability of the index under 
small perturbations to operators that are not semi-Fredholm; such operators 
will be described as “non-semi-Fredholm,” henceforth. A recent result of 
[5, corollary to Theorem 21 showed that the set of all compact perturbations 
of the operators T with index zero (i.e., nul T = nul T*) is exactly the closure 
of the invertible operators. These results suggest consideration of the stability 
of non-semi-Fredholm operators under compact perturbations. Two excellent 
sources from Fredholm theory are [6,9]. 
Any compact perturbation of a non-semi-Fredholm operator is a non- 
semi-Fredholm operator since the semi-Fredholm operators are stable under 
compact perturbations. The results of this note show that each natural subset 
of the non-semi-Fredholm operators, except one, is as unstable under 
compact perturbations as possible (i.e., the set of all compact perturbations 
is the set of all non-semi-Fredholm operators). The exceptional set consists 
of exactly those operators T such that the range of T, denoted TH, is closed 
and nul T = co = nul T*. The set of all compact perturbations of this excep- 
tional set is characterized and a stability theorem for a class of non-semi- 
Fredholm operators follows. 
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2. THE BASIC THEOREM 
This first theorem is the basic tool for obtaining more detailed results 
later. It seems curious that one can obtain the closure of the set of operators 
that fails to have closed range by taking all compact perturbations of that 
set. 
THEOREM 2.1. (1) The closure of the set of operators that fails to hate 
closed range is the set of non-semi-Fredholm operators. 
(2) An operator T is a non-semi-Fredholm operator if and only if there 
are a compact operator C and an operator A which fails to have closed range 
such that T= A + C. 
(3) An operator T is a non-semi-Fredholm operator if and only if there 
are a compact operator K and an operator B with nul B = co = nul B* such 
that T=BfK. 
Proof. Since the complement of the semi-Fredholm operators is closed 
and contains the operators A which fail to have closed range, it suffices to 
choose a non-semi-Fredholm operator T and show that it is the limit of a 
sequence (Ak} of operators that fail to have closed range. Clearly one may 
assume T has closed range and, consequently, it must be that nul T = CO = 
nul T*. Let U 1 TI be a polar factorization of T such that U is unitary and 
note that nul 1 TJ = nul T = co. Since T has closed range, (T( has closed 
range and it must be that zero is an isolated eigenvalue for / Tl. Let 
{e, , ez . ...) be an orthogonal basis for ker 1 TI and define C, so that its 
restriction to (ker I T()’ (the orthogonal complement of ker I Tl) is zero and 
C,e, = 0. j = l,.... k - 1 
C,ej = ( l/j)e,i. j = k, k + l.... . 
Clearly ( T( + C, fails to have closed range for k = 1.2.... and {( T( t C, . 
/ TI + C, . . . . } converges to / TI. Thus, (U(l TI + C’,). Ui(i TI + C’,) . . . . } is the 
desired sequence converging to T and (1) is proved. 
In order to prove the “only if’ part of (2), choose a non-semi-Fredholm 
operator T. Assume T has closed range, since the assertion is trivial 
otherwise. and note that nul T = co = nul T”. Using the notation of the 
preceding paragraph, define C, by making C, restricted to (ker / Tl)’ equal to 
zero and 
Coej = (l/j) ej for j = 1, 2,... . 
It follows that the range of u(l TI + C,) is not closed. Choose this to be A 
and let C be -UC,; this completes the “only if’ proof. 
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The “if’ part of (2) is trivial since A + C being semi-Fredholm would 
contradict the stability of the semi-Fredholm operators. 
In order to prove the “only if’ part of (3) let T be a non-semi-Fredholm 
operator. If the range of T is closed then it must be that nul T = co = nul T* 
and the assertion is trivial. Thus, assume that the range of T is not closed. 
By interchanging T and T*, if necessary, one can assume that nul T < nul T* 
and a polar factorization U 1 TJ can be constructed with U isometric. By the 
Weyl-Von Neumann theorem (see [7, p. 3671) one obtains a diagonal 
operator D and a compact operator C, such that 1 TJ is D + C, and the 
spectrum of D equals the spectrum of 1 TI. Thus, D is nonnegative and C, is 
self-adjoint. Since the range of (T( is not closed (otherwise the range of T 
would be closed), zero belongs to the essential spectrum of (TI. Thus, it is 
possible to choose a sequence of eigenvalues of D, say (A,, A?,...}, 
converging to zero; let (e,, e,,... } be an orthonormal sequence of eigen- 




and note that nul (D - C,) = co. Observe that 
T=U(TJ=U(D+C,)=U(D-C,)+U(C,+C,). 
Since nul U(D - C,) = nul (D - C,) = co = nul (D - C,) iJ*, one can 
choose B to be U(D - C,) and K to be U(C, + C,). The “only if’ part of (3) 
is proved and the “if’ part of (3) is trivial. 
3. SHARPER RESULTS ON INSTABILITY 
The next definition identifies each natural subset of the non-semi- 
Fredholm operators and gives a convenient brief notation for that set. Recall 
that TH denotes th range of T. 
DEFINITION 3.1. Let the sets of operators PO,..., P5 be defined by 
%= 1 T: TH is not closed, nul T = nul T* < 03 }, 
% = l T: TH is not closed, 0 # ind T < co }, 
PI = (T: TH is not closed, ind T = --co}, 
ZYj = (T: TH is not closed, ind T = +a~ }, 
g4 = {T: TH is not closed, nul T = co = nul T* }, 
W, = ( T: TH is closed, nul T = co = nul T* }. 
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The next theorem demonstrates that each of the above sets except the last 
has maximum instability under perturbations by compact operators. 
THEOREM 3.2. For j = 0, 1, 2, 3, 4 the set of all compact perturbations 
of ;‘*;.. i.e.. i’Si + .W = (T + C: T E 24, C E .a }. is the complement of the semi- 
Fredholm operators. 
Proof. In view of part (3) of Theorem 2.1. in order to show that ;‘/i + .8 
is the complement of the semi-Fredholm operators it suffices to show that 
is contained in S’j +.?. Take A from .7 and let U IA ( be a polar 
factorization of A with U unitary. Note that nul (A( = nul A = co and let 
{e,. ez ,...} be an orthonormal basis for ker !A). 
Define C, by C, ej = (l/j) ei for j = 1, 2 ,... and C, restricted to (e, . ez ,... I - 
is zero. Clearly nul(lAI + C,) =0 and ((AI + C,)H is not closed: thus. 
A + UC, = U((A( + C,) has the same properties and 
nul(A + UC,)* = nul((A) + C,)U* = nul(lA) + C,) = 0. 
Since A + UC, belongs to ?YO, it is clear that A belongs to ?JO +.iy and 
7’ c p0 +.R is proved. 
Define CZ by C,ej= (l/j) e.;+, for j = 1. 2.... and CZ restricted to 
{e, , e, . . ..I ’ is zero. Clearly 
nul(lA I + C,) = 0, nul(lA I + Cf) = 1. 
(\A 1 + C,)H is not closed. 
Thus, A + UC, = U((A( + C,J has the same properties and it follows that 
.;r civ, t-./y. 
Partition (e,. e],...) into an infinite collection of infinite sets. say 
{e,.e> ,... }=Ukpk with gk={(e,,,ezk ,... } fork= 1,2 ,.... Define C, by 
C3ejk=(l/j)ej+Ik for j = 1, 2 ,..., k = 1, 2 ,... 
and C, restricted to (e,, e, ,... }’ is zero. Clearly 
nuI([ A I + C,) = 0, nul(lA ( + C.?) = co. 
and 
((A ( + C,)H is not closed. 
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Thus, A + UC, = Lr(JA ) + C,) has the same properties and it follows that 
7 c iv* +x 
Let C, be C: and the preceding argument shows that 7 c ;“c3 +.X. 
In view of part (3) of Theorem 2.1, the last part of this theorem is proved 
when it is shown that P4 +.X contains P5. In order to prove this 
containment take T from P5 and let U) TI be a polar factorization with U 
unitary. Note that nul 1 TI = nul T = co and let {e,, e, ,...} be an orthonormal 
basis for ker 1 Tj. Define C, by C, eZj+, = 0, C, eZj = (1/2j)eIi for j = 0, l,... 
and C, restricted to {e,, e, ,... } ’ is zero. Clearly 1 TI + C, fails to have closed 
range and 
nul(J TI + C,) = co = nul(J T( + C,)*. 
Since U is unitary, T + UC, = (I([ TI + C,) has the same properties and it 
follows that ?Y5 c ?Y4 +.X’. This completes the proof of the theorem. 
4. A STABILITY-TYPE THEOREM 
The set of non-semi-Fredholm operators with closed range does have some 
stability. Although the set is not closed under compact perturbations, the set 
of all compact perturbations is much smaller than the set of all non-semi- 
Fredholm operators. 
THEOREM 4.1. An operator T belongs to 2V5 +,a’ if and only if T is a 
non-semi-Fredholm operator and zero is an isolated point of o,(j Tl). In 
particular, p5 +X does not contain all of the non-semi-Fredholm operators. 
ProoJ Let T be a non-semi-Fredholm operator such that zero is an 
isolated point of ~~(1 Tl). By part (3) of Theorem 2.1 there is a compact 
operator K and an operator B with nul B = co = nul B* such that 
T= B + K. Clearly zero is an isolated point of a,(T*T) since T*T equals 
1 TI* and the identity 
B”B=T”T-T”K-K*T+K*K 
shows that zero is an isolated point of o,(B*B). Hence, zero is an isolated 
point of cr,(lBl) and it clearly suffices to find a compact operator C such that 
B - C belongs to P5. Since nul B = nul B *, the polar factorization U) B ( can 
be constructed with U unitary. Since (B 1 is normal, a,(lBI) coincides with the 
Weyl spectrum which coincides with the complement of the isolated eigen- 
values with finite multiplicity. (See [ 11.) It follows that zero must have at 
least one of the following properties: it has infinite multiplicity as an eigen- 
value of ) B ) or it is an accumulation point of isolated eigenvalues of ) B ) each 
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having finite multiplicity. In either case, there is a positive E such that the 
interval (0, E) contains no points of a(]B]) except possibly a sequence of 
eigenvalues (A,, A*,...} converging to zero. Let H, be the closed span of all 
eigenvectors of (B] corresponding to eigenvalues of ]B / in (0, E). Define a 
compact operator C to be zero on (Zf,)l and to equal (Bl on H,. Clearly 
zero is an isolated point of the spectrum of ) B ] - C; thus, the range of 
(B ( - C is closed. It is clear that nul (] B ( - C) is infinite. It follows that 
B - UC = U(] B ( - C) has closed range and 
nul (B - UC) = nul (1 B ( - C) = 0~). 
nul (B - UC)* =nul (IBI -C) = 00. 
Since B - UC belongs to 5V5, B and T belong to gs +.X . 
In order to prove the converse let n denote the standard map of Y’(H) (all 
of the operators on H) onto the Calkin algebra and assume that the Calkin 
algebra has been represented as an algebra of operators on a Hilhert space 
(see [3]). Choose T from s5 +.$ and, for the sake of a contradiction 
assume zero is an accumulation point of a,(lT(). That In(T)]’ = n(\TI’) is 
elementary and this identity implies that zero is an accumulation point of the 
spectrum of n(T*r). Let C be a compact operator such that T - C belongs 
to ?Y5 and note that 
(T-C(‘=T*T+K. 
where K is the compact operator -C*T - T*C + C*C. Since the spectrum 
of n(T*T) is the essential spectrum of T*T + K. it follows that zero is an 
accumulation point of the spectrum of 1 T - Cl’. Thus, zero is an 
accumulation point of a(] T- C]) and the range of j T - Cl is not closed. 
This implies that the range of T - C is not closed which contradicts that 
T - C belongs to ?Z$. Thus, if T belongs to ?<5 + R then zero is not an 
accumulation point of o,(\ TO. Since zero clearly belongs to a,(/ TO, it must 
be an isolated point and the theorem is proved. 
Trivially it follows that the set of non-semi-Fredholm operators T with the 
property that zero is an isolated point of a,(] T[) is stable under compact 
perturbations and taking of adjoints, since P5 +.X has these two properties. 
Thus, Theorem 4.1 establishes stability properties for a natural class of non- 
semi-Fredholm operators. 
5. REMARKS 
It is interesting to note that the questions answered here do not generally 
become easier when asked in the context of a concrete example. If M is 
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multiplication by the independent variable on L2 [0, 1 ] then it is not trivial to 
prove that there is no compact operator C such that A4 + C has closed range. 
From Theorem 4.1 it follows that no such C exists because any A4 + C with 
closed range would belong to P5. 
It should be noted that the conditions that zero is an isolated point of 
[TJI T() cannot easily be restated as a condition on T. For example, if T is the 
adjoint of a unilateral shift with infinite multiplicity, then the condition is 
satisfied although the spectrum of T is the closed unit disk. 
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